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1 Introduction 

One of the most important problem in conformal geometry is the construction of conformal 
metrics for which a certain curvature quantity equals a prescribed function, e.g. a constant. 
In two dimensions, the problem of prescribed Gaussian curvature asks the following: given a 
smooth function K on (M,go), can we find a metric g conformal to go such that K is the 
Gaussian curvature of the new metric gl If let g = e 2u go for some u 6 C°°(M), then the 
problem is equivalent to solving the nonlinear elliptic equation: 

Au + Ke 2u - K = 0, (1.1) 

where A denotes the Beltrami-Laplacian of (M, go) and Kq is the Gaussian curvature of go- 
In dimension four, there is an analogous formulation of equation (jl.ip . Let (M,g) be a 
compact Riemannian four manifold, and let Ric and R denote respectively the Ricci tensor and 
the scalar curvature of g. A natural conformal invariant in dimension four is 

Q = Q g = ~J^( AR ~ r2 + 3|ffic| 2 ). 
Note that, under a conformal change of the metric 



9 = e 2u g, 



the quantity Q transforms according to 

2Q- g = e- 4u (Pu + 2Q g ), (1.2) 

where P = P g denotes the Paneitz operator with respect to g, introduced in [P]. For any g the 
operator P g acts on a smooth function u on M via 

2 

P g (u) = A 2 u + div(-R g — 2Ric g )du, 

O 

which plays a similar role as the Laplace operator in dimension two. Note that the Paneitz 
operator is conformal invariant in the sense that 

P~9 = e~' u P 9 

2a, 



for any conformal metric g = e g 
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It follows that the expression k = k g := J M QdV g is conformally invariant. Moreover, in 
view of relation <\1.2b . a natural problem to propose is to prescribe the Q-curvature: that is, to 
ask whether on a given four-manifold (M,g) there exists a conformal metric g := e 2u g for which 
the Q-curvature of g equlas the prescribed function Q? This is related to solving the following 
equation 

P g u + 2Q g = 2Qe 4u . (1.3) 
This equation is the Euler-Language equation of the functional 

Hg(u)= l uPgUdVg+Al QgUdVg-d Q gdVg) log / Qe^dVg. (1.4) 

J M J M J M J M 

A partial affirmative answer to the problem ()1.3|) in the case that Q equals some constant 
is given by Chang- Yang [C-Yj provided that the Paneitz operator is weakly positive and the 
integral k is less than 8tt 2 . In view of a result of Gursky [G] the former hypothesis is satisfied 
whenever k > and provided (M, g) is of positive Yamabe type. The result of Chang- Yang has 
been extended recently by Djadli-Malchiodi [D-M| to the case in which P g has no kernel and k 
is not positive integer multiple of 8tt 2 . 

In the critical case, when k = 87r 2 , the study of equation (jl.3p becomes rather delicate. 
In this case the functional II g fails to satisfy standard compactness conditions like the Palais- 
Smale condition, and generally blow-up may occur. Note that when (M, g) = (S 4 ,g c ), the above 
equation (jl.3p is reduced to the following one 

P g u + 6 = 2Qe Au . (1.5) 

This is the analogue of the well-known Nirenberg's problem. This problem has been recently 
studied by many authors (please see [W-X] . |M-Stj and the reference there in). We remark 
that, similar to Nirenberg's problem, there are some obstructions to the existence of solution to 
equation (II. 5j) in the standard four-sphere case. The Gauss-Bonnet-Chern formula implies that 
there could not be a solution if Q < 0. On the other hand, one has the identities of Kazdan- 
Warner type to this equation. 

The main goal of this paper is to study the equation (jl.3p with critical value k = 8tt 2 . We 
shall pursue a variational approach which was used in |D- J-L-W] . Let (M,g) be any closed 
four dimensional Riemannian manifold with positive P g , i.e., J M uP g udV g > and kerP g = 
{constants}. Then we have 

/ UPgUdVg > X \VgU\ 2 dVg 

J M J M 

for some positive A and the following improved Adams- Fontana inequality |C-Y| : 

log / e 4u dV g < i / uPgudVg + 4 / udVg + C, Vu e W 2 ' 2 (M). (1.6) 

J M OTT J M J M 

We consider (for any small e > 0) 

II e (u) = [ (u, u)dV g + 4(1 - ) / QgudVg - (8^ - e) log f Qe 4u dV g , 

J M 71 " J M J M 
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where we denote 



(u, v) = A g uAgV + (-R g (Vu, V v) - 2Ricg(Vu, Vv)). 
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By using the inequality (jl.6p . it is not so difficult to prove that 

inf iY e (u) > — oo, Ve > 0, and moreover, II e has a minimal point u e . 

For this minimizing sequence u e , two possibilities may occur: let m e = u e {x e ) = max^gM u t (x), 

(1) supm e < +oo, then, by passing to a subsequence, {u e } converges to some uq as e — ► 0, 

and no minimizes II. 

(2) m e — ► +oo, as e — > 0. We call, in this case, the u e blows up. 

One of the main concern is to prove that, if the second case happens, then we find an explicit 
bound for the II e . More precisely, we have 

inf U{u)> Ag(Q,p), (1.7) 

u£W 2 ' 2 (M) 

where 



\/3Q{p) f 
A s (Q,p) = -16tt 2 log 8vr 2 log8vr 2 - 16vr 2 5 (p) + 2 / QG p (iy 9 + (8/3 - 16)tt 2 , 

12 J m 

p is the bubble point, and So(p) is the constant term of the Green function at point p (please 
see section 6). 

On the other hand , if we can construct some test function sequence (f> e , s.t. 

Jj(0 e ) < Ag(Q, P ), 

we see that the blow-up does not happen. Therefore, we can get some sufficient condition under 
which (|1.3p has a solution. 

One of our main theorem in this paper is as follows. 

Theorem 1.1. Let (M,g) be a closed Riemannian manifold of dimension four, with k = 8ir 2 . 

Suppose P„ is positive. If the inf II(u) can not be attained, i.e. equation S1.S\) has no 

u&W 2 ' 2 (M) 

minimal solution, then 

inf II(u) = inf AJQ,p). (1.8) 



Now let p' be a point s.t. 



A g {Q,p') = inf A g (Q,x) 

ISM 



we will prove that p' is in fact determined by the conformal class [g] of (M,g). 
Another main result in this paper is the existence theorem of the equation ([1.3 
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Theorem 1.2. Let (M,g) be a closed Riemannian manifold of dimension four, with k = 8ir 2 . 
Suppose P g is positive. Let Q be a positive smooth function on M. Assume that A g (Q,x) 
achieves its minimum at the point p' . If 



Q(p')(AgS(p') + 4\V g S(p')\ 2 - ^) + [(2V g SV g Q)(p') + \A g Q{p')] > 0, 



then equation $1.3)) has a minimal solution. 

Corollary 1.3. With the assumption as in Theorem If 

AgS( P ')+4\VgS(p')\ 2 -^>0, 

then M has a constant Q-curvature up to conformal transformations. 

It is interesting to note that, in four-dimensional case, the method in [D-J-L-W] can not 
be directly used. In our case there are some interesting points happens, one is that we use the 
method [M-2] to collect the nice information around the bubble points. The second one is a 
new technique used in the derivation of (II. 8j) . where the key point is to calculate 



\A g u e \ 2 dVg. (1.9) 

B s \B Lrc {x t ) 

Since the equation (11, 3h does not satisfy the Maximal Principle, the method used in [D-J-L-W] 
does not work here. We will apply the capacity to get the lower bound of (II. 9p . The usefulness 
of capacity in similar problems was first discovered by the second author, and has been used in 
[EI] and [Li-Li] . 

We remark that the methods in this paper also work for the equation 

P g u + 16tt 2 = 2he 4u , (1.10) 

on any 4-dimensional manifold under the assumptions that P g is positive and Vol = 1 . Therefore 
Theorem II .11 and Theorem 11.21 hold for equation (jl.lOp (just change Q to h). 

2 Preliminary estimate 

In this section we collect some useful preliminary facts and then drive some estimates for the 
solutions. We start with the following lemma. 

Lemma 2.1. For any e > 0, II e has a minimal point. 

Proof. By using the inequality (jl.6p . it is easy to see that, when f M udV g = 0, we have 
II e (u) = [ uPgudVg + 4(1 - / QudVg - (8^ 2 - e) log / Qe Au dV g 

J M 71 " J M J M 

> C + jfa j ' ^UPgUdVg + 4(1 - JL) J JiudVg 



rj \V 9 u\ 2 dV g + 4(1 - ^) J QudVg. 
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For any e\ > 0, we have 



QudV g < ei / \u\ z + C e < A ei / \Vu\ z dV g + C e , 

M J M J M 

where Ao is the first eigenvalue of A. Then, 

I \V g u\ 2 dV g < C{e)II t (u) + C (2.1) 

J M 

and then 

/ \A g u\ 2 dV g < —II e (u) + C. (2.2) 
Let Uk = u €i k be a minimizing sequence of II e , i.e. 

Ih{u k ) -» inf// e (n) = A, 
which, together with the above inequality, implies that 



/ \\u k \ 

J M 



2 dV g < C, 



for some constant C which may depend on e. Therefore, by passing to a subsequence, we have 
Uk —r u e and 

/ \Ag Uk \ 2 dVg -> B. 

J M 

Since the functional II t is invariant under a translation by a constant, we may assume that 
J M UkdVg = 0, then by (|1.6p . we can see that e 4uk £ LP for any p > 0. 
Set 

JI e ( Mfc ) := / |A 9 u fc | 2 ^ + / F(u k )dV g , 
J M J M 

then we have, 

lim / F{u k )dV g = A - B, and lim f F{ Uk + Um )dV g = A - B . 

Since II e ( Uk+ 2 Um ) > A, we have 

- / (\AgU k \ 2 + \AgU m \ 2 )dVg + -\ AgU k AgU m dVg > B. 

4 J M l J M 

Hence 



Then 



lim / AgU k A g u m dVg > B. 
fc— H-oo,m— f+oo J m 



lim / |A 9 (u fc - n m )| 2 dVg = 

lim ( / \A g u k \ 2 dVg + \ \A g u m \ 2 dV g -2 A g u k A g u m dVg) < 0. 

o,m->+oo J M J M J M 



Therefore, {u k } is a Cauchy sequence in W 2,2 (M) 



□ 
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Lemma 2.2. We have inf II t is decreasing in e. Moreover, 



lira IL = inf II. 



Proof. Since II t (u + c) = II £ (u), we can assume that J M Q g udV g = 0. Therefore 

II e ,(u)=II e (u) + (e-e') I Qe 4u . 

J M 

Hence, inf II e is decreasing in e, and inf II < inf II e . 
Let e' = 0, and II(u e ) = inf II e (u). We have 

II(u) > II e (u e ) - e [ Qe Au dV g . 

J AI 

Letting e — > 0, we get that inf I J > lim inf IL. 

□ 

Now let u 6 be the minimal point of II 6 , it is clear that u e satisfies the following equation: 
| P g u e + 2(1 - ^)Q g = 2(1 - ^)Qe^ 
\ f M Qe^dV g = 8n 2 . 
The same proof of Lemma 2.3 in [M-2] yields the following 

Lemma 2.3. There are constants C\(q), C^g), Cs{q) depending only on p and M such that, 
for r sufficiently small and for any x £ M there holds 



[ |VV|W g < Ci(g)r 4 - 39 , I \V 2 u e \ q dV g < C 2 (qy- 2q , 
J B r (x) J B r (x) 

[ \vu e \ q dv g < c 3 ( q y-" 

J B r (x) 



r(x) J B r (x) 

and 



,(x) 

where, respectively, q < |, q < 2, and q < 4. 



3 The proof of Theorem 11.11 

Let x e be the maximum point of u e . Assume m e = u t (x e ), r e = e _m % and x t — > p. Let {ej(x)} 
be an orthogonal basis of TM near p and exp x : T X M — > M be the exponential mapping. The 
smooth mapping E : B$(p) x B r — > M is defined as follows, 

E(x,y) = exp x (y l ei(x)), 

where B r is a small ball in W 1 . Note that E(x,-) : T X M — > M are all differential homeomorphism 
if r is sufficiently small. 
We set 

d d 
9ij{x,y) = {(exp x )*—,{ex Px )*—) Eix>y) . 
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It is well-known that g = (gij) is smooth, and g(x, y) = I + 0(|y| 2 ) for any fixed x. That is, we 
are able to find a constant K, s.t. 

\\g(x,y) - I\\ c °(B s (p)xB r ) < K\y\ 2 
when 5 and r are sufficiently small. Moreover, for any (p G C 00 (B p (xk)) we have 



_ _± d_, A-f km du e (E(x e ,x)) ^ 2 _ pq du e (E(x e ,x)) du e (E(x e ,x)) 

gUt ~ ,Mdx k(Vl919 dx™ h |VUe| " 5 to to 



and 



/ ipdVg = / p(E 1 (2;fc,y))v / M^y- 

J B s (x k ) J E- 1 (x k ,y)B s(xk) 



We define 

u t (x) = u e (E(x t ,x)), 

and 

v e (x) = u e (r e x),v' e = v e — m e . 

Now v f , v' are functions defined on B r c R n . 
We have 

Aj/ 6 = r £ 2 0(|V 2 <|) +r e 3 0(V^) +Q ff (S(x e ,r £ x))e 4 <. (3.1) 
It follows from Lemma 12.31 that. 

I|V 2 i4||l<j(b l ) < C(L,q) and ||Vvg[| W ( Bi ) < C'(L,q) for any g G (1,2). 

Then (|3.1|) implies that 

\\A g( (A g y £ )\\ Lq{BL) <C'(L). 
Using the standard elliptic estimate, we get 

\Wk v e\\w^i(B L ) < C 2 {L). 

The Sobolev inequality then yields that, 

\W* v 'e\\L<i{B L ) < C 3 (q,L) for any ge(0,4). 

We therefore have 

iKllw 2 .?^) ^ C4 (-£-)■ 

Hence, by using the standard elliptic estimates, we see that v' € converge smoothly to w, which 
satisfies 

A 2 w = 2Q(p)e 4w . 

Moreover, it is easy to check that 



for any L > 0. By the result of [Lin], we have 



f Q(p)e 4w dx < 8vr 2 

J Br 
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a) «•= -lo K (l + ^p^|x| 2 ), v.ill, 



Q(p)/ 



or 



b) w has the following asymptotic behavior: 

— Aw — > a > as |x| — > +00. 
We claim that b) does not happen. If it does, then we have 

lim / — A a v e ~ — raR 4 . 
*-+°J B R 4 

However, it follows from Lemma 12.31 that 



Be 



\Ag c V' e \dVg < CR 2 . 



This shows the case b) does not happen. 

For simplicity, let A = V 3 ^^ ; so that we have 

w = — log(l + A|x| 2 ). 

Now, we consider the convergence of u e outside the bubble. By Lemma 12.31 u e is bounded 
in W 3 ' q for any q < |. Then, it is easy to check that u e — u e —r G p , where 



P g G p + 2Q g = 16vr 2 5 p , / G p dV g = 0. 

J M 



To prove the strong convergence of u e — u e , we first show the following lemma. 
Lemma 3.1. Given QccM \ {p}, there holds 



e^-^dVg < C(n,q) 

n 



for any q > 0. 

Proof. Let f e = Q g e 4Uc . For any 1 6 !], we have the following representation formula, 

u e (x) -u e = - G(x, y)Q g dVg^ y + / G(x, y)f e . 
J M J M 

Hence, if let f2 e = M \ BL e (x e ), and [i t = 1/ J n \f\dV g , we have, for any q' > 0, 

e q' tiz(u e -u t +f M G(x,y)Q g dV g ) _ Jn € 1 ' G ( x ^)^My) dv s,y + Sb Lrt l' G {^v)^MvWa,v 

Notice that for any x G £1, we have 

f q'\G{x,y)\ii e f e {y)dV g , y <Ci{L) ! f e (y)dV g < C 2 (L), 



and 

e Jn« q'G(x,y)^My)dV g , y < /" fe(y) e q'G{x,y) d y 

J H E ll/e|Ul(n e ) 

Therefore, by using the Jensen's inequality and the Fubini's theorem, we obtain 



< cr/ (/ -dv g , x )dv g , y . 

J n ll/elli 1 ^) j n E | x _y|5^- 

The last integral is finite provided q' < 32-7T 2 . Hence, for any q > 0, if e is sufficiently small so 
that g < q'fi e we have 

e 5(«.(*)-««) ( | a . < / e *'^(Mx)-ue)dx < C I e^ q ' G{x ' y) ^ My)dV ^ y dV g < C. 



□ 



As a consequence of the above lemma, we have 
Lemma 3.2. Let CC M \ {xq}. Then u e — u e converges to G xo in C k (Q) as e —>■ 0. 

Proof. It is easy to see that u e < C. Then the lemma follows. 



□ 



Remark: In B$ , we set p = y e for any e. Clearly, y t — * 0. Then we also have u e (E(p,x)) — 
u e — > G p (E(p,x)). Moreover, we may write 

G(E(p,x)) = -2\og\x\+S (p) + S 1 (x), 

where So(p) is a constant and S± = 0(r 2+a ). It is easy to check u e — u e — > G(E(p, x)) smoothly 
in Bg \ B$ for any fixed 5. 

Now, we estimate the lower bound of lim J M (u e ,u e )dV g . We write 



/ ( 

J M 



u e ,u e )dV g = h + h + h, 

where denote the integrals on M \ Bs(x e ), BLr t (x t ) and B$ \ BLr^( x e) (any fixed L 

and 5) respectively. We remark that the integral I\, I2 can be easily treated due to the above 
lemmas. On the other hand, by Lemma 12.31 we have 

I \V g u € \ 2 dV g -> f \V g G\ 2 = 0(5 2 ). 

J B s \B Lrt (x t ) J B s (p) 

So, the key point is to calculate 

I A g u e \ 2 dV g . 



5(Xe)\B Lre (x t ) 

We are going to prove the following lemma. 
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Lemma 3.3. We have 



[ \A g u e \ 2 dV g > [ \(l-B\x\ 2 )A u e \ 2 dx + J(L,e,5), 



B 5 (x e )\B Lre (x e ) J B s \B Lr 

for some B > 0, where 



lim lim J(L, e, 5) = 0. 

8->0e->0 



Proof. Since we have 



= \9 km 9$§^\ 2 + 0(|V 2 n e |(|Vn e |)) + 0((|Vu e | 2 )), 

and since u e — u e converges to G p (E(p,x)) in W 3 ' q for any q < |, we get 

J B6 \ BLre O(\V 2 u e \(\VuS + 0(\Vu e \ 2 ) 

< C(\\V 2 G p \\ Lq{B5 \ BLrf )\\V g G p \\ Lql (Bs \ B Lr J + \\Gp\\ w i,2( Bs \ BLr j) 

= J(L,e,5), 

where | < q < 2, and ^ + | = 1 • 

Let (/ fcm = 5 fcm + A km , with |A fem | < K|x| 2 for any e, fc,m. Consequently we have 

I km 9 2 U e |2 ~ |2 ! 2y^A st A U e | j^km A st d 2 £t £ d 2 ^ 

dx k dx m e ^-^ € dx s dx t ^— ' dx k dx m dx s dx l 

s,t k,m,s,t 



It is clear that 
and 



V d(B s \B Lre ) dx t dx s dx l dx v dr 



J d(B x \B r - ) dxt dx s dx s dx s ' dr 



d(B s \B Lre ) dx f dx s dx s dx s ' dr 
B s \B Lr }^ dxWx* dx s dx sdx + J ( L,e,6 }■ 



Hence, 

k~X,t J B 5 \B Lre dx s ux- j LSiM , Lri 

A similar argument as above then gives, 

d 2 u f d 2 



2V / \A st A u eJ ^- t \<4K [ \x\ 2 \A u e \ 2 dx + J(L,e,8). 

TT'J BABt~ dx dxt J BAB,.,. 



/ E AkmAS \\l e m »^t < K2 \ \x\*\A u e \ 2 dx + J(L,e,5). 

J B s\ B Lr e k ^ t dx k 8x m 3x s dx t J B g\B Lrc 
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This proves the Lemma. 

Lemma 3.4. There is a function sequence U e € W 2 ' 2 (B$ \ Bl t J s.t. 

U e \dB s = -2 log 5 + So (j>) + u € , U e \ d B Lri =w(L)+m e 



□ 



dU e , 2 dU 

-Q^\dB s = -g, -^r\dB Lrc = w (L) 



and 



j |Ao(l - B\x\ 2 )(U e - u t )\ 2 dx = j B\x\ 2 )A u t \ 2 dx + J(L,e,5). 



Bs\B Lr< , 

Proof. Let u' k be the solution of 



' A 2 u> = A 2 v e 



1 9B 2L = | dB 2L , u' e \ dB 2L = v e I dB 2L 



dn 



\dB L = 7fc\dB L , u'e\dB L = m e + w\ d B L - 



We set 



K(f- e ) Lr e < \x\ < 2Lr e 
[ u 6 (x) 2Lr e < \x\. 
It is easy to see that u' e — m e converges to w smoothly on B2L \Bl, we have 



lim f (1 - B\x\y(\A Q U' € \ l - \A Q u e \ z )dx = 0. 

e ~*0 J B 2 Lr e \BLr € 



Let r\ be a smooth function which satisfies: 



1 t<l/2 
t > 2/3 



Set G t = rj(^-)(u e — Sq(p) + 2 log \x\ 2 — u e ) — 2 log \x\ 2 + Sq(p). Recall that u e — u t converges to 
G p smoothly on M \ Bs(p), we have 



x 



X 



G e - -21og|x| 2 + S Q (p) + vi^S^x), u e -G e -u e ^ ( V (^) - l)5i(x 



Therefore 



lim 



Bg\B 5 / 2 



\A u e \ 2 dx - J 



Bg\B s / 2 



\A G e \ 2 dx 



< ^f BABs/2 \MV( 1 4) ~ m {x)\ 2 dxJ BABs/2 |A (G P - 21og \x\ 2 + nif^xWdx 



< CvW^ |Aoi7(f )Si(s)| 2 <te 
<C^6\WS\. 
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Now set 



We then have, 



U'{x) 



\x\ < 



G e (x)+u t 5/2<\x\<5. 



I |(1- B\x\ 2 )A (U e -u e )\ 2 dx = j | A (l — B\x\ 2 )(U e -u e )\ 2 dx 



■I 



+ 1 0(\VU € \ 2 + \U e -u e \ 2 )dV g . 

B s \B Lre 



It is easy to check that \\U e — u e — G p (E(p, x))\\ w 1 ' 2 (B s \B Lr ) ~^ as e — > 0. Therefore, we 
proved the lemma. 



□ 



Now, we are going to apply the capacity to derive the lower bound of 

|A (1 - B\x\ 2 )(U e -u e )\ 2 dx. 



Bs\BLr e 



First we need to calculate 



inf / \A <S>\ 2 dx, 

J i 



^\aB r =PiMaB R =P2,^\a Br =Qu^\dB R =Q2 J B R \B, 

where P±, P2, Qi, Q2 are constants. Obviously, the minimum can be attained by the function 
$ which satisfies 

f A 2 ^ = 



Clearly, we can set 



$\dB r = Pi , $\dB R = P2 , -^\dB r = Ql j w\dB R = Q 



c 

$ = A log r + Br 2 + — + D, 



where A, B, C, D are all constants. Then we have 

A\ogr + Br 2 + ^ + D = Pi 



A\ogR + BR 2 + -§j + D = P 2 
A + 2 Br-2^ = Q 1 



A 
< R 



% + 2BR — 2-^- — 



We have 



A 



Pi-P2 + %rQi + %RQ 2 



\ogr/R+Q 



-2P 1 +2P 2 -rQ 1 (l+ 1 ^-^logr/R)+RQ 2 (l+ J ^ 7I logr/R) 
~ A(R 2 +r 2 )(logr/R+g) ' 

where q = R2+ r r z ■ Furthermore, 

\A <Z>\ 2 dx = -8tt 2 A 2 logr/R + 32tt 2 AB{R 2 - r 2 ) + 32tt 2 5 2 ( j R 4 - r 4 ) 



/ 



Br\Bt 
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In our case, R = 6, r = Lr e , Pi = m t — u e +w(L) + 0(r € u t ), Pj = — 2 log 6+So(p) +0(5 log 6), 
Qi = rji-xvy 0:2 = -f +0(6\og6). If we define 

N(L,e,S) = w(L)+2\og5-S -%-^ 

= w{L) + 2 log 5 - S - 2 + 0(5 log <5) + O(^) + 0(Lr e ), 



and 

then we have 

A 2 (- log Lr e /<5) 



P = log 5 — logL, 



( me "^::^ ) ) 2 K+p) 

P-Q\-2 



= (1+^(1+^(1-^ 

= (i-2^ + o(^))(i + ^K 



(1 - J^) 2 + 2(1 - + o(^) + 0(e-^m e )^ 

m e (l - |) 2 + 2(1 - ^)N(L, e, S) - (P - 2q)(1 - 



and 



A 



m t — u t + N(L, e, 5) 



m e — log L + log 6 + q 
Notice that r € m e — > as e — ► 0, we have 



a-o(— ))- 1 (i 



" f + o(J-)) = -i + ^ + o ( - 1 



B _ -2m e +2» e +Q(l)+(2^- F 



-0(<51og <J))m e 



4(5 2 + (Lr e ) 2 )(logL-m e -log<5+£>) 

■ia + fc + o^Ki-oCs:))- 1 



It concludes that 

/ |A (l-P|x| 2 )(?7 e -n e )| 2 dx > 8^ 2 m e (l-^) 2 + 167T 2 (l-^)iV(L,e,<5) 

J B s \B Lr€ 

-8vr 2 (P-2^)(l-^) 2 

+ 16vr 2 (l-^)(l + ^)+8vr 2 (l + ^) 2 

+o(ir)(i-^) 2 + o(^) + J6(A^). 

Using the fact that u e < C, we have 

(8vr 2 - e)u e > 8n 2 u € + eC. 

Therefore 

// e (« e ) > f BLrAxf) \^ 9 u t \ 2 dV 9 + J BsXBLre |A (1 - \B\ 2 ){U e - u e )\ 2 dx + 8vr 2 u e 

+ Im\b s ( X0 ) ( G p> G p) + 4 /a/ + J ( L > e > 5 ) 

> 8 7r 2 K + C 1 )(l + ^) 2 + C 2 (l + ^) + C 3 . 
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where C\, C2, C3 are some constants. Note that since II e (u e ) < 00, we must have (1 + ^-) — * 
as e -> 0, i.e. -> -1. 
Consequently we have 

! BABLre |A (1 - £|x| 2 )(*7 e - ^)| 2 dx + 8vr 2 n e 

> 8vr 2 m e (l + ^) 2 + 16vr 2 iV(L,e,<5)(l - - 8^ 2 (log5 - logL - 2 e )(l - ^) 2 
+J(L,e,5) 

> 16vr 2 (l - %)N(L, e, 5) - 8vr 2 (log<5 - logL - 2g)(l - + J(L, e, 8). 
Since we have 

4A 2 |x| 2 8A 

A w 



(3.2) 



(l + Ajx) 2 ) 2 1 + A|x| 2 ' 
a direct calculation yields that 



f \A w\ 2 dx = 16vr 2 log(l + AL 2 ) + ^ + 0( 

J B L 6 

On the other hand, it is obvious to see that, 



/ \^u t \ 2 ^ / \VG p \ 2 = 0(5log5), 

J B s (xA J B s (x e ) 



B s (x e ) J B s (x e ) 

and 

dG n . „ „, f „ <9AG 



(3.3) 



/ (G p ,G p )dy 5 = / G p P g G p dV g - [ -3LA g G p dV g + [ 

J M\B s (x ) J M\B s (x ) J dB s Or J t 

/I BC 
(-RG— - 2GRic(dG,dr))dS cl 
8B S 3 dr 

= -2 [ Q g G p dV g -16ir 2 + 167r 2 (-21og5 + S (p))+O(5log5). 

J M 

(3.4) 

Together with Lemma 1331 Lemma EU (|3.2|) . ^ and (|3.4|) . we have 
lim// e > 32vr 2 limiV(L,e,5)- 327r 2 (log5-logL-2) + 167r 2 log(l + AL 2 ) 

/l T~ 
QgG p dV g - 8vr 2 log 8^ 2 + 0(5 log J) + 0(-^- 

= -16^ 2 log + ^ - 16vr 2 ,So(p) - 16vr 2 + 2 / Q g G p dV g - 8ir 2 log 8tt 2 

+0(,51og5) + 0(^). 
Letting first 6 — * 0, then L — > +00, we get 

lim JI e > -16vr 2 log A - 8vr 2 log 8vr 2 - 16tt 2 S + (8/3 - 16)vr 2 + 2 Q g G p dV g . 

J M 

This shows the first part of Theorem II. 1\ that is 

inf II(u) > inf A q (Q,p). 
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The second part 



inf II(u) < inf AJQ,p) 



follows from the proof of Theorem 11.21 in next section. 

To end this section, we will prove a conformal property of A g (Q,p). 

Lemma 3.5. Let g G [g\: g = e 2v g for some v S C°°(M), we have 

II~g(u)=IIg{U + V)- I (v,v)dVg. 

J M 

If we set 

P g G y + 2Q- g = 167r 2 5y, 
then G y = G y — v. Moreover, for any y, we have 

2 I QgGydVg - 16vr 2 5 (y) = 2 / Q g G y dV g - 16vr 2 5 (y) - / {v,v)dV g . 

J M J M J M 

Proof Since P g = e~ 4v P g , 2Q g = e~ Av {P g v + 2Q g ), we get 
H g {u) = I {u, u)dV g + 2 ( {P g v + 2Q g )udV g - 8vr 2 log I Qe 4{u+v) dV g 

J M J M J M 

= [ (u + v,u + v)dV g + 4: [ Q g udV g - 8vr 2 log [ Qe 4{u+v) dV g - [ (v,v)dV g 

J M J M J M J M 



= Ilg{u + V)- / (v,v)dVg. 

J M 

On the other hand, we have 

P g (G -v) + 2Q g = e- Av (P g G + 2Q g ) = levrV 4 ^ = !6^<W 
Since dist g (y,x) = e v( - y ^dist g (y,x) + 0(dist g (y,x)) 2 , we have 

Gy = Gy — V 

= -2 log dist g (y, x) + S (y) - v(y) + 0(dist(y, x)) 
= -2 log dist g (y, x) + v(y) + S (y) + 0(dist(y, x)). 

Thus So(y) = So(y) + v(y). Moreover, we have 

/ QgGydVg = ^ {Pg V + 2Q g ) ( Gy - V ) dVg 

J M J M 

= ( / GyPgVdVg + 2 ^ QgVdVg) + 2 ^ QgGydVg - ^ VPgVdVg 

J M J M J M J M 

= 16ir 2 v(y) + 2 / Q g G y dV g - [ vP g vdV g , 

J M J M 

this proves the lemma. 



□ 
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4 Testing function 

In this section we will construct a blow up sequence 4> t s.t. 

II(<f) € ) < inf A(x). 

We use standard notation from [L-P]. In a local coordinate system {x 1 }, we denote 

Rijki =< R(d k , di)dj,di >, Rij = -g^RijM, 

where R is the curvature operator, defined as follows, 

R(X, Y) = V X Vy - Vy V x - V [X ,Y] 

Suppose that p' is a point such that A(p') = ini xe M A(x). 
We know that, locally we have 

1 1 1 2 

9pq = 5pq + -R V ijq{p l )x l X ] + -Rpi jq)k {p l )x l X 3 X k + { — R pi j qM + — 

\g\ = l- ^Rijxv - l -R lhk (p')x^ k - {^Ri jM {p') + ^Ru 3m (p') R hkUp')Wx ] x k x m + 0(r 5 ) 
In the sequel, let us denote 

h-imjl-jn and a h-ijn = J_ f il-^jvj^ 

n-3n L >-- J s3 
then around the point p' we write 

g km = 6 km + M km = ^km + M^X**™ + M^X^ 3 + M^X*" 18 ' + 0(r 5 ) 

M = M ij Sij = M km x km + M fems x fcms + M kmst x kmst + 0(r 5 ), 
= 1 - + K ijk x^ k + K ljkm x^ km + 0(r 5 ). 

N k = _ g ij T k = N k x i + jv-fc^ij + N k jm x ijm + 0(r 5 ). 

It is easy to check that M^ m = -\Ri km j{p'), M km = \Rij{p') and N k = -§i2j fc (j/). 
We prove the following lemma. 

Lemma 4.1. VKe Ziaue 

^i2ii(p')^fcm(p')a <J ' fcm + JV&ajj* + M l3km a^ km = 4K tjkm a^ km . (4.1) 
Proof. We have, for any small t > 0, 
/ A 9 r 2 dy 9 = / (8 - + 2M # ^' fe + 2M q , m x ! ^ m + 2N k x^ + 2Nf xf) 

J B t J B t 6 

x(l - Ij^' + ^ fc ar« fc + ifytax^™)^ + o(t 8 ) 
= 4yr 2 t 4 - 2%a^' x 2vr 2 ^ 

+(±l* j iW* ij ' fcm + 2M Jjfcm a^ fcm + 2N? jk a P jk + 8i^ m a^ m )27r 2 f + o(t 8 ), 
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on the other hand, we have 
2rds g 

dB t 



1 



dB t 



2r(l - -R^ + K ijkm x ijkm + O(r b ))ds 



6 

= 4vr 2 t 4 - 47r 2 ^fa ij t 6 + 2K ijkm a ijkm 2Tr 2 t 8 + o{t 8 ). 
Now the conclusion follows from the Stokes' theorem. 

Note that locally, we may write (see Lemma 16. II in the appendix), 



Gp, = -21ogr + S, 



with 

We define 
where 



S = S {p') + a iX l + ^-x lj + 0(i 



2+a> 



■log(l + A|~| 2 ) + C e + 4r| 2 , xeB Le 



and 



We set 



then, in B^ e , we have 



i _ yw) 

^ L 2 e 2 (l + AL 2 )' 12 
C e = log(l + XL 2 ) - 21ogLe - /xL 2 e 2 . 
f G + ip e + 2 log r x£B Le 

<t>e={ 

{ G xi B L€ , 



□ 



4> e = - log(l + A|-| 2 ) + C £ + S + ^|x| 2 . 
Hence, it is easy to check that 4> e £ W 2 ' P (M) for any p > 0. 

We write 

H{<t> e ):= [ {<t> t ^ e )dV g + A I Q g <i> e dV g -8tt 2 log / Qe 4 ^ 

= //i + II 2 + Ih 

First we will calculate the term II3. In the small neighborhood around the point p', we set 



Q = Q(P') + biX* + -^-xV + 0(7 



then we have 



Qe 4 ^ y/\g\ = .4(1+^)4 [(1 + 4o<x < + 2aya;« + 80^^' + 4/jr 2 )Q(j/) + brf + + 4a;M ij 

+0 (r 2+Q ) + 0(4#)](1 - ^ + 0(r 3 )) 



= e ifi+\\l\i)i [(1 + 4ajX* + 2aijX tj + 8aidjX lj + 4/jr 2 



_ (r 2 +-) + 0(g)]. 
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Therefore, by using the symmetry of the ball and the fact that ccjj = we have 
f Qe^y/bW = 27rV^W) 6 4^ _ _L_ [ Q (p / )(1 + e V(^(f + 2a?) + 4/z 

+ EM + ^)e 2 r 2 + 0(er) 2+a + 0{£)}r 3 dr. 
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A direct calculation then yields that 



and 



2 f L r 3 dr 7T 2 1 

: ' T i (rTW = ^ + V 

o I L r 5 dr 7T 2 1 

2 ^ ' (TTW = ^ + 



^ 2 x2vr 2 =0(-i). 



(1 + Ar 2 ) 4 V L 4 ' 
Hence we get 

+ EM + b f)) + 0(£) + 0(e*+«) + O(g)]. 

i 

On the other hand, it is not difficult to check that 

Qe^j\g\dx = / Q( p ')— 2vr 2 a'r + 0(- nF ) 
= e^+^^ + O^)). 

In sum, we have 

8vr 2 log I Qe 4 ** y/\g\dx = 8n 2 [log 8n 2 + 4(C e + log e + S„)] 

J M 

+ o (e 2+ a)+0( ^ )+0( ^ ) ; 



2 

(4.2) 



The next, we calculate Ily. First of all, we have 



/ (4>e,4>e)dV g = [ (G,<f> e )dV g + [ + 21og r,&)o% 

= 16vr 2 (C e + S (p')) - 2 / Q0 e o% + I {<p e + 21ogr, ^ + S)dV g . 

J M J B Le 

(4.3) 

We set r\ to be a cut-off function which is at 1 and 1 in [0, 1/4] with rf(l) = 1, and 



/i T = < 



?7(^r) + logr \x\ < T 
logr \x\ > t. 
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Then for fixed e and L, we have 



lim / {<p e + 2h T , ip e + S)dV g = {<p £ + 2 log r, y e + S)dV g . 

T ^°J Br.. J Br.. 



Blc J Blc 

On the other hand, we have 



/ {p € + 2h T ,Ve + S)dV g = [ {<p e + 2h T ,G)dV g + f (<p e + 2h T ,Ve + 21ogr)dV g 

J B Lt J B Le J B Le 

= 167r 2 C e + 327r 2 r ? (0) + 327r 2 logT-2/ Q g (ip e + 2h T ) 
+ (<p e ,<p e )dV g + J (<p e ,2\ogr + 2h T )dV g 

J B Le J B Le 

+ [ (2logr,2h T )dV g . 
J B Le 

Therefore we get 

/ (<p e + 2\ogr,<p e + S)dV g 

J B Le 

= 32vr 2 ?? (0) - 2 ! Q g (ip t + 2 log r) + ! {<p e , <p e )dV g 

J B Le J B Le 

+ [ (ip e ,4logr)dV g + lim( / (21ogr, 2h T )dV g + 32n 2 logr) 

J B Lt J B L€ 

= 32ir 2 V (0) -2! Q g (ip t + 2 logr) + ! A g ip t Agip t dV g (4.4) 

J Br.fr J Br* 



+4 / Agip e A g log rdVg + lim ( / A g 2 log rA g 2h T dV g + 32vr 2 log S) 

J B Le ^0 J B ^ 

+ f lR(d(ip e + 2logr),d(ip t + 2logr))dVg 

J B Lf 3 

2Ric(d(ip e + 2logr),d(ip t + 2\ogr))dV g . 



B Lf _ 

By a simple calculation, one gets 



f (A g 2\ogr)A g {2h T )dVg = f A (2 log r)A (2 V (^))dx + 0{r) 

J B T J B T T 

= -327r 2 ??(0) + 16it 2 + 0(t). 



(4.5) 



To compute / A g log r A g log r , we first verify that, for any smooth function /, g which 

J B Lc \B s 

are smooth in (to,ti), we have 
A fl /(r) = (5 km + M#V + M!^.r> 1 * + M^ st + 0(r 5 ))(f ^ + - /'^T) + N k &f 

= f + n i _ + %^ + w^*^ + o^iri) + o(rvi). 



19 



Here, we use the fact that Mf^x 1 ^ = M k jf t x k J ^ = 0. Then, applying Lemma 4.1, we get 
/ A g f(\x\)A g g(\x\)dV g 

J B H \B t0 

= / /V(l " ^r 2 + K l]km a^ km r')2^dr 
J t 24 

(/V + /V)-(3 - ^r 2 + IK^a^r^^dr 
to r 24 

/*1 1 7D 1 

^ /V^(9 + 33i^- fcm a^"V 4 - — r 2 + -R l3 R km a^ km r 2 )2v 2 r* dr 

+ T (0(r 8 |/Vl) +0(r 7 (|/Vl + l/'ll/D) +0(r 6 |/VD) 
J to 

+i? /V/V'^ " gCfV + /V) - J^WvrV 

+^ fcm a^ fcm f\f"g"r A + 7(/V + /V> 3 + 33/' 5 , r 2 )2vr 2 r 3 dr 

*°t 

+R ll R km a^ km [ l \fg'r 2 2^rHr 

J to" 

+ T (0(r 8 |/V'l) +0(r 7 (\f"g'\ + |/'| + 0(r 6 |/VD) dr. 
J to 

Then, choosing / = g = 21ogr, t\ = Le, to = r > we get 
/ A g (21ogr)A 3 (2/t T )dy g = / A g (2 log r)A g (2 log r)dV g 

J B Lc \B T J B Lc \B T 

= 40K ijkm aV km Tr 2 (Le) 4 + ^-R i3 R km a^ km {Lef 
-2Rn 2 (Le) 2 + 32vr 2 log Le - 32tt 2 log r 
+0{r) + 0{Lef. 



Now we will calculate the term f B A g ip e A g (ip e + 41og r)dV g : In (|4.6p . we choose / 
g = (p e + 41ogr, to = 0, t\ = Le then we get 

/ A^ e A g (^ e + 41ogr)dV g = -f 7r 2 + ^-167T 2 log(l + AL 2 ) 

J B L . 

-Re^ + 2ir 2 R{Le) 2 

-40K ijfcm a^"V(Le) 4 - Zg-R ij R km c?S lm {Le) 4 > 
+0{e A L 2 ) + ^ + 0{Lef. 
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By a direct calculation, we have 
2 



R{V g {ip e + 2 log r), V 9 (^ e + 2 log r))o% 



+ | / (RAP'W + 0(r 2 ))( , 2 ^ + 2 M r) 2 (l + 0(r 3 ))^ 

= f x R( P 'W^ + |^ ( (e2 ^ 2)r + 2H 2 0(r 2 )^ 
= ^(pV* 8 + 0( e ^ 2 ) + 0(£), 



and 



/ 2ffic(V 9 (p e + 2 log r) , V g (^ t + 2 log r))]c^ 

= \m // (e2 +t 2)r + 2/,r) 2 27 rVdr 

+2 / g is 9 it {R ij , k {p')x k + 0(r 2 ))( 26 + 2^) 2 x st (l + 0(r 3 ))dx 

= f i?(p>V + 2 (% )fe (p')^ fc + Q(^))( (e2+ 2 f r2)r 2 + 2^(1 + 0(r 
R(p>)^ + J ^ ( (e2+ 2 f r2)r2 + 2 M ) 2 0(r 4 )^ 



2_ j 

fi?(y)vr 2 6 2 + 0(6 4i L 2 )+0(g). 



Together with (fl~3l) - (fl~5j) and (|4.7p - (j4.10j) . we obtain the following identity 
II e (u e ) = Ih + II 2 + Ih 



-16vr 2 log A - 8vr 2 log 8vr 2 + Sj£ - 16vr 2 + 2 / QG - 16vr 2 5 

+ 2a 2 ) + £>A + V) " H^W)) 
+0(£) + 0(e 2+a ) + 0(£) + 0(e 4 L 2 ) + 0((Lef). 



Proof of Theorem 11.21 : we set L = -^-^ , then 

e 2 » O(^) + 0(6 2+a ) + 0(j- 4 ) + 0(e 4 L 2 ) + 0({Lef) 
when e is very small. Therefore, we get Theorem 11.21 

5 The conformal case 

In this section, we will discuss the local conformal flat case of Theorem 11.21 
In this situation, locally we may write 



g = e 2f ^2 dx % <8> dx l with f = CiX 1 + \cijX %i + 0(r 3 ), 
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and 

Q = Q{p') + b lX l + l -h; r r ; ' + 0(r 3 ). 

Note that by the conformal property of P g , the corresponding Green function have the following 
local expression: 

G = -2 log |z| + SoCpO + (Hx* + \aijx li + 0(r 3 ). 
When / = 0, we can use Theorem 11.21 to obtain: if 




then (jl.3p has a solution. 

For the general case, we set g' = e~ 2 fg, then applying Lemma [375| we get G ' , = G + f, and 
then 

a- = aj + Cj, and a' ii = au + cu. 
Thus we have the following results 

Theorem 5.1. Let (M,g) be a close 4- dimensional manifold with k = 8tt 2 and P g is positive. 
Suppose further that it is locally conformal flat near p' . If 

~ 2 Q(p') 8 

i/ien equation hi. Sty has a minimal solution. 

As a corollary, we have 

Corollary 5.2. Wii/j i/ie same assumption as in Theorem 5.1. If 

+ 2(a* + > 0, 

j 

f/ien m f/ie conformal class of(M,g) there is a constant Q-curvature. 

To end this section, we propose the following conjecture: 

Conjecture: Let (M,g) be a locally conformal flat closed Riemannian manifold of dimension 
four, with k = 8tt 2 and P g is positive. Then we have 

•sr-^ ^ a lt + 2^ 0j _|_ c ^2-j a ^ ^ e ^ ^ n ^ p' where A g (p') = min A 5 (87r 2 , x), 

^ — ' 2 a; (EM 

and i/ie equality holds if and only if (M, g) is in the conformal class of the standard 4-sphere. 
Let g = e 2G g, then we have 

Qg{x) = 
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for any x 7^ p. Near p, we can write 

e So(p)+{ci+ai)x % + {cij +a,ij)x l i & So (p) 



W + OijxV +0(\x\ 3 )). 



So the above conjecture is equivalent to that 

5>« >o 

i 

when M 7^ S 4 . So, this problem is very similar to the positive mass problem. 

6 Appendix 

Suppose KerPg — {constant} . Let G be the Green function which satisfies 

P g G + 2Q g = 167!-%. 

As a corollary of a result in [N] , we have the following 
Lemma 6.1. In a normal coordinate system of p, we have 

G = -2\ogr + S Q + a lX l + a ljX lj + 0(r 2+a ). 

However, for the reader's sake, we give a brief proof of this Lemma here: 

Proof. In a normal coordinate system, we set 

\9\=1- \RijX ij + 0(r 3 ), and g km = S km - ^R Ujm x ij + 0(r 3 ) 

where ipijk and are smooth. 

Given a smooth function F, we have 

A g F(\x\) = -j^^^gkm^p) 



<\g\ 



= ltS9 km F'^) + \g km F m £-\og\ g \ 

= ^T k ( F '^ - iRujmF'^- + F'0(r 3 )) - l/.',,/ 'V + 0(F'r 2 ) 

= ^( F,S F + F'0(r 3 )) - \R l3 F'^ + 0{F'r 2 ) 

= A F - ±RijF'^ + 0{F'r 2 ) + 0{F"r 3 ). 



Then 



A g (-2\ogr)=-± + ^R l ~+0(r) 



and 



M-J) = A„(-l) - *%£L + 0(1) = 16.% - ^ + 0(1). 
It is easy to check that 



Hence, we get 



A^-21., s ,- 1 = l«,% + g-8^ + 0(i). 
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Moreover, we have 

div{\R g {-d2\ogr) - 2Ric g (d(-2\ogr), •)) = j R p {p') (2 log r) kk - 2R km [p'){2\ogr) km + O(i) 

= lR g {p')7i-^R 9 (p')7z + %Rk m ^ + 0{\). 

We therefore have 

P 9 (-21ogr) = 16tt 2 5o + O(i). 

We set 

G = -2\ogr + S 

where S € C l a . Then, we get 

A 2 g S = P g S + 0(-) = P g G + 2P g logr + 0{-) = O(-). 
This proves the lemma. □ 
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